Metamaterials posses microstructure designed to acquire properties not found in nature. An epitome in acoustics and solid mechanics is Willis coupling, which refers to the particle velocity-stress coupling, and of great significance since it controls mechanical waves. We here reveal new couplings, analogous to Willis coupling, when considering patterns of materials that mechanically interact with magnetic, electric or thermal fields. To this end, we develop a rigorous homogenization method for the effective properties of such responsive metamaterials. As an example, we apply the scheme to piezoelectric materials, and unveil coupling of the velocity and electric fields. Hence, Willis-like couplings in responsive metamaterials open new avenues for active wave control by modulation of external stimuli.
The macroscopic or effective response of artificial materials can be tailored to exhibit extraordinary properties, by cleverly designing their microstructure. Such metamaterials were developed in optics, acoustics and mechanics for various objectives, and particularly for wave manipulation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
The effective properties of metamaterials are analytically determined using homogenization schemes [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In elastodynamics, Willis developed an exact theory, which unveiled effective coupling between stress and velocity fields, and between momentum and strain fields [25] [26] [27] [28] [29] [30] [31] [32] , termed Willis coupling. Analogously to bianisotropy in electromagnetics [33] , this coupling establishes additional degree of freedom to control traversing waves. Owing to growing interest in mechanical metamaterials for wave control, Willis coupling has received considerable attention recently, including theoretical [34] [35] [36] [37] [38] [39] [40] [41] [42] and experimental studies [43] [44] [45] [46] [47] [48] [49] [50] .
To date, Willis theory was applied in mechanics for metamaterials that respond exclusively to mechanical loads. Here, we show that analogously to Willis coupling, additional couplings emerge when the metamaterial mechanically interacts with magnetic, electric or thermal fields [51] [52] [53] [54] ; examples include piezomagnetic-, piezoelectric-, and thermoelastic materials. To expose these couplings, we develop a rigorous homogenization scheme for the effective properties of such responsive metamaterials, based on Willis approach [30] . Our homogenization scheme and its application to a specific piezoelectric metamaterial are detailed next.
Equations of responsive composites.-Consider a linear material with mass density ρ and stiffness tensor C occupying the volume Ω, subjected to prescribed body force density f and inelastic strain η η η. Physically, η η η can result from a plastic process or phase transformation. The response of the material is governed by the balance of linear momentum p
where σ σ σ is the Cauchy stress second-order tensor and the superposed dot denotes time derivative. The material is responsive to (or multiphysics with) the non-mechanical fields D and E, which satisfy where q is prescribed, similarly to f; it is convenient to identically satisfy Eq. (2) 2 by setting E = −∇φ . The fields D and E are the electric displacement and electric (resp. magnetic induction and magnetic) fields in piezoelectricity (resp. piezomagnetism) [55] .
The constitutive relations between the fields are written in symbolic matrix form [56] 
where u is the displacement field, A and B are (tensorial) material properties, and the transpose of B is defined by B T i jk = B ki j .
The prescribed boundary conditions are u = u 0 and φ = φ 0 over ∂ Ω w ⊂ ∂ Ω, and across the remaining boundary ∂ Ω t are σ σ σ · n = t 0 and D · n = −w e , where n is the outward normal.
When the medium is randomly inhomogeneous, its properties ρ, A, B and C are functions of the position x and a parameter y of a sample space Λ with certain probability measure; periodic medium-the prevalent case of interest-is a specialization of inhomogeneous media, with uniform probability measure [30] . Observe that ensemble averaging of Eqs. (1) and (2) over y ∈ Λ, denoted by · , provides [57]
where f = f and q = q since f and q are sure (prescribed). Eq. (4) suggests the use of σ σ σ , D and p as effective fields that identically satisfy the governing equations. The effective properties are thus the quantities that relate these effective fields with ∇u , u and ∇φ , to form effective constitutive relations. Together with Eq. (4), they establish a meaningful description of the material when the ensemble averaged fields fluctuate slowly enough relatively to the scale of the microstructure [58] . The outstanding problem is to calculate the effective properties. Before we derive them, we can now provide a formal statement of our main result: homogenization shows that the effective constitutive relations are in the form 
with the new couplingW, and (·) † denotes the adjoint operator with respect to the spatial variable. Thus, our homogenization process exposes effective couplings between D and the average velocity, and between ∇φ and the average momentum. We denote the matrix of the effective properties in Eq. (5) byL. The terms ∇u − η η η and u thatL operates on are independent, owing to η η η, thus renderingL unique; otherwise, the fields ∇u and u are derived from the same potential, resulting with non-uniqueL [30] . The calculation ofL is detailed next.
Derivation of the effective properties.-We adapt the ingenious approach of Willis [30] to responsive metamaterials as follows. Firstly, we cast the problem into matrix equations whose entries are tensors and other operators. Accordingly, Eqs. (1), (2) 1 and (3) take the form
where
is the second order identity tensor, and we employed the Laplace transform such that time derivatives are replaced by products with s [59]. We define the Green's function G (x, x ) via
where δ is the Dirac delta; the entries G 11 , G 12 and G 21 , and G 22 are second order tensor-, vector-, and scalar-valued functions, respectively, with the homogeneous boundary conditions
We derive next a useful expression for w, by right multiplying the transpose of Eq. (8) by w (x), subtracting it from the left product of Eq. (6) by G T (x, x ), and integrating the difference over the volume x ∈ Ω. The result is
The development of Eq. (10) employs the divergence theorem, boundary conditions for G and symmetries of A, B and C [60].
(A detailed derivation using index and tensor notations is provided in the supplementary material.) We manipulate the last integral in Eq. (10) by replacing w with w , since it is sure on the boundary, and transforming it back to the volume via the divergence theorem [61] . With the aid of Eq. (8), we rewrite w as
Using the ensemble average of Eq. (11) and the fact that m, f, t 0 and ω c are sure, we have that
(12) Finally, we substitute Eq. (12) into Eq. (7) and ensemble average the result to obtain the effective constitutive relations
with
Eq. (14) generalizes the result of Willis [30] to metamaterials that interact with non-mechanical fields. The components ofL define the effective properties in Eq. (5), which are nonlocal operators in space and time. The non-zero adjoint terms L 23 andL 32 reveal the coupling between D and u , and between p and ∇φ , respectively, denoted byW. In the case that D and ∇φ are vectors, the couplingW is a second order tensor. Owing to the symmetries of A, B and C, the operator L is symmetric, so that G self-adjoint with the usual symmetries of Green functions, and henceL is self-adjoint as well, justifying the notation (·) † forL 31 andL 32 . Application to piezoelectric layers.-We exemplify the emergence of the new coupling by calculating the effective properties of an infinite repetition of 3 piezoelectric layers: 1 mm PZT4, 0.4 mm BaTiO 3 , and 0.2 mm PVDF (properties given in the supplementary material). The periodic cell is denoted Ω p , and its period is denoted l. We consider longitudinal waves propagating normal to the layers, driven by body force and inelastic strain, and set w e = q = 0. The layers are oriented such that the poling direction is along the direction of propagation. The problem is one-dimensional and the pertinent fields can be treated as scalars. The medium is not symmetric under reflection (parity inversion)-a sufficient condition to obtain the original Willis coupling [29, 39] .
The periodic medium is analyzed as a random medium by treating the position of the period as a uniformly distributed random variable, with a probability measure l −1 over Ω p . Accordingly, any l-periodic function ζ y (x) in realization y ∈ Ω p is ζ (x − y); its ensemble average
is independent of x, and equals the spatial average in any realization.
In realization y = 0, Eqs. (6)-(7) are combined to obtain in any layer
Since the homogeneous equation derived from Eq. (16) has periodic coefficients, its Green function is constructed using Bloch-Floquet solutions. The Green function and its ensemble average are thus
where G is only a function of x − x , V is
and u ± p are l-periodic functions whose standard calculation is detailed in the supplementary material.
As the simplicity of the problem enabled a solution via a single Green function, a simpler equivalent to Eq. (12) for u follows, namely,
Observing that in the prescribed settings D = 0 in any realization, we obtain the remaining fields φ (x, y) from Eq. (3) in terms of u (x, y) , A (x, y) and B (x, y).
Finally, the equivalents of Eqs. (13)- (14) are derived directly by substituting u (x, y) and φ (x, y) into Eq. (3), ensemble averaging, and identifying the terms that multiply u ,x − η, φ ,x and su as the effective properties according to Eq. (5). The drawback for using a single Green function in the absence of charge is one degree of freedom in calculatingL, which we eliminate by enforcingB T =B. Together with this choice, the resultant equations determinẽ ρ,Ã,B,C,S,S † ,W andW † . The explicit expressions are provided in the supplementary material, confirming that
where conj denotes complex conjugate. Eq. (20) consolidates the notation used by Willis [29] [30] [31] [32] , who interpretsS andS † as formal adjoints with respect to the spatial variable, and other notations in the literature [39, 62, 63] , which use −conjS instead ofS † .
The numerical results in Figs. 1-2 display the Fourier transformL (ξ ) = Ω pL (x) e iξ x dx versus frequency ω 2π , where s = −iω, across the first pass band. In Fig. 1 we show ξ l = 0, which contains the homogenization limit [22, 64] . Notably, the new couplingW vanishes in the static limit ω → 0, and attains non-zero values above. It is pure imaginary at ξ = 0, as Eq. (20) implies, and attains non-zero values above it, similarly toS. Fig. 2 display the properties at ξ l = 2. We observe that indeed the imaginary parts ofW andW † are equal, while their real part is of opposite sign. The same features are demonstrated byS andS † .
Summary.-We have developed an exact source-driven homogenization scheme for responsive metamaterials, based on the ensemble averaging approach of Willis. The scheme reveals that new Willis-like couplings emerge between the non-mechanical fields to the momentum density and velocity fields. Hence, these couplings can provide a new way to rectify mechanical waves by modulation of external stimuli. As an example, we have explicitly applied our scheme to periodic metamaterial constructed from piezoelectric layers, to expose velocity-electric displacement coupling, and momentum density-electric field coupling. The present work opens the route for further studies on corresponding bounds, physical restrictions, variational principles, and experimental realizations.
We 
Supplementary material 1 Derivation ofL in index and tensor notation
We recall that in the symbolic matrix notation we have that
is the second order identity tensor, and we employed the Laplace transform such that time derivatives are replaced by products with s. For later use, we also recall the assumed symmetries of the tensors
The elements in the symbolic matrices are differential operators and tensors of different order, and their product should be interpreted accordingly. The product of L 11 m 1 represent double contraction, which in tensor notation is C : η η η, and in index notation is C i jkl η kl . By contract, the product L 12 b 2 is the simple contraction B T ·∇φ , which in index notation is B T i jk φ ,k . We further note that the symbolic matrix structure can be cast into standard matrix representation, using Voigt notation. Accordingly, C, B T and B are 6 × 6, 6 × 3 and 3 × 6 matrices, such that L is a symmetric 12 × 12 matrix. (The zeros are 9 ×3 and 3 ×9 null matrices, and ρI is a 3 ×3 matrix.) The symmetric tensor σ σ σ is mapped to a 6 × 1 column vector (and so is the symmetric part of ∇u), such that h is a 12 × 1 column vector, and so on. With this in mind, we proceed with the details.
Eq. (1) in tensor notation is
The left product of Eq. (3) with
or, in index notation,
The quantities G 11 , G 12 and G 21 , and G 22 are second order tensor-, vector-, and scalar-valued functions, respectively, and hence the symbolic 2 × 2 matrix G is representable by a 4 × 4 matrix. (G 11 , G 12 and G 21 , and G 22 are represented by 3 × 3, 3 × 1, 1 × 3 and 1 × 1 blocks, respectively.) The equation that defines G (x, x ) is
where, in tensor notation, the elements of δ I are
and the elements of D T LBG are
We emphasize that the convention contraction is different when G is involved. For example, C : ∇G 11 is C i jkl G 11kp,l and B T · ∇G 21 is B T i jm G 21p,m . The standard convention (contraction with the first two indices of the right tensor) can be recovered observing that
and thus C : ∇G 11 = ∇G T 11 : C. Similarly,
and thus B T · ∇G 21 = ∇G 21 · B. Using such identities, the standard convention for divergence operation applies, i.e., acting on the last free index. Right multiplying the transpose of Eq. (6) with w (x) provides
Subtracting Eq. (9) from (5) yields
Eq. (10) is simplified using the following relations
which, upon integration over the volume x ∈ Ω and application of divergence theorem, then reads
or, in tensor notation,
where the tensor product ⊗ between vectors a and b is defined by the action on a third vector c, namely (Ogden, 1997)
which, by defining
allows us to write Eq. (12) in the symbolic matrix form
Note that f is sure over Ω, N T L (Bw − m) is sure over ∂ Ω t (it is the surface charge and traction), and w is sure over ∂ Ω w , so they are equal to their ensemble average. Hence, the ensemble average of the first line in Eq. (13) is
and hence
Using the homogeneous boundary conditions for G
we can formally extend the domain of the integral over ∂ Ω w in Eq. (13) to include ∂ Ω t , and transfer it to a volume integral. The second line in Eq. (13) then reads
The above manipulations allows us to write w (x ) as
The effective operatorL is obtained by substituting Eq. (18) 
Finally, ensemble averaging Eq. (19) and comparing it with h =L ( Bw − m) delivers the following expression forL
2 Construction of the Green function using Floquet solutions
Recall that in realization y = 0, the governing equations are combined to obtain in each layer
Since the homogeneous equation derived from Eq. (21) has periodic coefficients, its Green function is constructed using Bloch-Floquet solutions, namely, (Eastham, 1973 )
To calculate the periodic parts u ± p (x), we employ a standard transfer matrix approach (Dunkin, 1965, Pérez-Álvarez et al., 2015, Shmuel and Pernas-Salomón, 2016), as follows. The phase-wise solution of the Eq. (21) is
where α (n) and β (n) are integration constants,
and to abbreviate notation, we momentarily suppress the subscript 0. The integration constants α (n) and β (n) are determined from the continuity and Bloch-Floquet conditions on u(x) and the stress σ (x), which are compactly written using the state vectors s (n) (x) and transfer matrices T (n)
confirming it depends on x and x solely via x − x . Its Fourier transform
reads
We proceed to calculate the rest of the terms in the Fourier transform ofL. To this end, we define the Fourier coefficients
and obtain
(40)
where ς (1) and ς (2) denote two different properties from the set C,Č, B A , B 2 A , and
Note that
The process is exemplified using the calculation of C(x) G ,x (ξ ). Firstly, note that in realization y = 0 is
The translated expression is thus
It follows that
and its Fourier transform is
3 Explicit expressions for the effective properties
Recall that in the present problem
In terms of the effective properties, we we also have that
By substituting
into Eq. (53) and comparing with Eq. (54) we obtaiñ
from σ ; from φ ,x we find
and finally from p
Note thatS
where conj denotes complex conjugate, andB
The drawback for using a single Green function in the absence of charge is one degree of freedom in calculatingL, which we eliminate by enforcingB T =B. The latter condition, together with Eqs. (56)-(58) deliver the effective propertiesC,Ã,ρ,B andW ,W † . These satisfỹ
where the latter relation betweenW andW † is similar to the relation betweenS andS † . The numerical results in Figs. 1-2 display the Fourier transformL (ξ ) = Ω pL (x) e iξ x dx versus frequency ω 2π , where s = −iω, across the first pass band. In Fig. 1 we show ξ l = 0, which contains the homogenization limit. Notably, the new couplingW vanishes in the static limit ω → 0, and attains non-zero values above. It is pure imaginary at ξ = 0, and attains non-zero values above it, similarly toS. Fig. 2 display the properties at ξ l = 2. We observe that indeed the imaginary parts of W andW † are equal, while their real part is of opposite sign. The same features are demonstrated byS andS † .
Material properties of the piezoelectric layers
The material properties of the piezoelectric layers are given in Tab. 1. These values correspond to the coefficients in the direction of the poling. 
